l Introduction. Several algebraic and topological settings in the theory and applications of nonlinear operator equations lead naturally to the investigation of fixed points of a sum of two nonlinear operators, or more generally, fixed points of a mapping on the Cartesian product X x X into X, where X is some appropriate space.
Fixed point theorems in topology and nonlinear functional analysis are usually based on certain properties (such as complete continuity, monotonicity, contractiveness, etc.) that the operator, considered as a single entity must satisfy. We recall for instance the Banach fixed point theorem, which asserts that a strict contraction on a complete metric space into itself has a unique fixed point, and the Schauder principle, which asserts that a continuous mapping F on a closed convex set K in a Hausdorff locally convex topological vector space X into K such that F(K) is contained in a compact set, has a fixed point. In many problems of analysis, one encounters operators which may be split in the form T = A + B, where A is a contraction in some sense, and B is completely continuous, and T itself has neither of these properties. Thus neither the Schauder fixed point theorem nor the Banach fixed point theorem applies directly in this case, and it becomes desirable to develop fixed point theorems for such situations. An early theorem of this type was given by Krasnoselskii [12] : Let X be a Banach space, S be a bounded closed convex subset of X, and A, B be operators on S into X such that Ax + By e S for every pair x, y e S. If A is a strict contraction and B is continuous and compact, then the equation Ax + Bx = x has a solution in S. The proof of this theorem is quite simple, given the Schauder principle.
Krasnoselskii's theorem is an example of an algebraic setting which 581 leads to the consideration of fixed points of a sum of two operators* In this setting, a complicated operator is split into the sum of two simpler operators which have been well investigated and for which fixed point theorems abound. For recent contributions to fixed points of this type, see Remark 3.1.
There is another setting which also leads naturally to the investigation of fixed points of a sum of two operators. This setting arises from perturbation theory. Here the operator equation Ax + Bx = x is considered as a perturbation of Ax = x (or of Bx = x), and one would like to assert the existence of a solution of the perturbed equation, given that the original unperturbed equation has a solution. In such a setting, there is, in general, no continuous dependence of solutions on the perturbations. If, however, one requires such continuous dependence, then we have a general problem of stability of solutions, where stability is defined in terms of certain topologies on the class of operators under consideration.
The purpose of this paper is to prove some fixed point theorems in the two settings mentioned above.
2* Definitions and preliminaries• Throughout this paper, X will denote a Hausdorίf locally convex topological vector space, and 3? a family of seminorms which generates the topology of X. For p e & and r > 0, the set {x\p(x -x 0 ) < r} is denoted by S p (x 0 , r). The closure of this set is denoted by S p (x 0 , r), and its boundary by dS p (x 0 , r). We shall also sometimes use V(p) to stand for S p (θ, 1) . A continuous mapping F: X-> X is said to be ^-completely continuous for p e & if the closure of F[S P (Θ, n) ] is compact for each positive integer n. F will be called completely continuous if it is p-completely continuous for every pe ^.
Several generalizations of Schauder's fixed point theorem to locally convex topological vector spaces have been made by Tychonoff [26] t Hukuhara [9] , Yamamuro [28] , Singbal [25] , Nguyen-Xuan-Loc [17] , and others. In the present paper, we shall be interested in the following variants of Schauder's fixed point theorem, which are listed in order of increasing generality. [4] or Bonsall [1] .) A simple and interesting proof of (b) is given by Singbal [25] . Part (c) is a generalization of Rothe's version of Schauder's theorem [22] .
Let Ό c X and pe^. A mapping A:D->D is said to be â -contraction if there is a y p , 0 ^ Ί P < 1, such that for all x, y in D,
Let ^ be the neighborhood system of the origin obtained from 
Choose m sufficiently large to insure that
Thus {A k x} is a Cauchy sequence in D and so converges to a point a? in D. Clearly Ax = x, and uniqueness of the fixed point follows as usual since X is Hausdorff.
3* Fixed points of a sum of two operators in locally convex spaces* We begin with a simple theorem which generalizes Krasnoselskii's fixed point theorem [12] to locally convex spaces. THEOREM 
Let D be a convex and complete subset of X, and A, B be operators on D into X such that Ax + ByeD for every pair %,yeD. Suppose A is a p-contraction for every p e &*, and B is con-tinuous and B(D) is contained in a compact set. Then there is a point x in D such that Ax
Proof. For each y e D, the mapping A defined by Άx = Ax + By is a p-contraction for each p e 0* and maps D into D, so by Theorem 2.2, it has a fixed point, Ly. In other words, Ly = Ά(Ly) = A(Ly) + ify. Thus for all w, v in J9,
So for each pe^,
we have The various forms of the Schauder-Tychonoff theorem stated in Theorem 2.1 require a priori that a certain closed ball (or its boundary) be mapped into itself by the operator. In his work on integral equations, Dubrovskii [3] used an alternative approach of finding conditions on a completely continuous operator which guarantee the existence of some closed ball which is mapped into itself by the operator. In the next theorem, we use this technique in the setting of a sum of two operators to prove a fixed point theorem which contains as a special case a new variant of the Schauder-Tychonoff theorem in locally convex spaces. Before proceeding to the theorem, we shall give some needed definitions.
For an operator ϊ 7 , a point x Q e X, and a real number r > 0, define for each pe ^, We shall say that T is p-quasibounded at x 0 if β P (x 0 , T) exists, T is called quasibounded at x 0 if it is p-quasibounded at x 0 for each pe^. Note that this notion of quasiboundedness generalizes that of Granas [8] .
The following theorem generalizes Theorem 3 of Nashed and Wong [16] . THEOREM 
Suppose the mapping S is a p-contraction for every pin ^, with contraction constants 7 P , and suppose the mapping T is continuous and T(X) is compact. If X is complete and if there is an x 0 in X and a pe & such that T is p-quasibounded at x 0 and
Ί P + β p < 1,
then (I -S -T)x = z always has a solution.
Proof. Choose a so that Ί P + a < 1 and °o e Q\{Q P {X Q , Γ, a)).
It follows that for x and y in D, Sx + Ty + z is in D:
It now follows from Theorem 3.1 that there is an x in D such that Sx + Tx + z = x. REMARK 3.1. For various fixed point theorems for a sum of two operators in Banach and Hubert spaces, see Krasnoselskii et al. [13] , [14], Browder [2] , Edmunds [5] , Fucίk [6] , [7] , Kirk [11] , Nashed and Wong [16] , Petryshyn [18] , [19] , Sadovskii [23] , and Webb [27] . In some of this previous work, the theorems are formulated for a mapping F(x, y), not necessarily of the form Ax + By. Nadler [15] considered mappings defined on the Cartesian product of two metric spaces which are contractions in one variable or in each variable separately and proved that under certain conditions, such mappings have fixed points.
Essentially the same proof as that of Theorem 3.1 yields the following result. 4* Stability of fixed points and solutions of nonlinear operator equations* In [10] , Kasriel and Nashed formulated and investigated a notion of stability of solutions of some classes of nonlinear operator equations in Banach spaces in terms of specific topologies on the set of nonlinear operators, and obtained some results on the openness of cetain mappings as a byproduct. In this section, we extend these formulations in several directions and prove a theorem on the stability Note that stability for the class J2Γ can be reduced to consideration of equations of the form A Q x -θ. Proof. Let e > 0 be given. There is an r, 0 < r < e, such that R -R p (x 0 ,1 = Bo, r) < 1. Let a and d be positive numbers such that a + d < (1 -i2)r. Let B e Ω v (xo, B Q , r, p, a) and y e S p (θ, d) . Consider the mapping F on S p (x 0 , r) defined by Fx = x -Bx + y.
Clearly Let ^2 be the collection of all continuous operators B which are such that I -B has its range contained in a compact set. For ΰ o^% 2>e^,r a real number, (x Q , B Q , U) an admissible triple, we define Ω 2 (x 0 , B o , Z7, p, r) to be the collection of all Be^2 such that (i) (x Of B, U) is an admissible triple, and (ii) p(Bx -Bx 0 ) ^ r for all xex 0 + U. We define S~% to be the topology on ^2 with all such Ω % as a subbase.
Next let ^ -^ x ^ be the Cartesian product of ^ and ^2 endowed with the product topology ^ = ^[ x ^. Suppose iΓ 0 is an operator such that I - 
Also, let W = Πΐ
Suppose y e W and consider Sa; + Tz + y for all x and 2 in £c 0 + ί/*, where U* = cl (ΠΐSiV(Pi) ). We shall show that Sx + Tz + yex o +U*:
where A o = I -S o . Now for each i = 1, 2, , n, we have , # G #0 + l^ However, this fixed point is obviously not necessarily stable.
5* Applications* The fixed point theorems of § 3 can be applied to obtain existence theorems for mixed nonlinear integral equations of Urysohn-Volterra and Hammerstein-Volterra types in locally convex spaces in the same manner as the fixed point theorem for a sum of two operators in Banach spaces were used in [16] .
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